Abstract. Let R denote a commutative ring with identity and Jacobson radical p. Let 7t0: R -► Rjp denote the natural projection of R onto Rjp and j: Rjp ->-R a ring homomorphism such that U0j is the identity on Rjp. We say the pair (R,j) has the splitting property if given any Tî-algebra A which is faithful, connected and finitely generated as an ^-module and has AjN separable over R, then there exists an (R/p)-algebra homomorphism /': A/N -> A such that IT/' is the identity on AIN. Here N and II denote the Jacobson radical of A and the natural projection of A onto AjN respectively. The purpose of this paper is to study those pairs (R,j) which have the splitting property. If R is a local ring, then (/?,/) has the splitting property if and only if (R,j) is a strong inertial coefficient ring. If R is a Noetherian Hubert ring with infinitely many maximal ideals such that Rjp is an integrally closed domain, then (R,j) has the splitting property. If R is a dedekind domain with infinitely many maximal ideals and x an indeterminate, then the power series ring R [[x]] together with the inclusion map 1 form a pair (/? [[*]], 1) with the splitting property. Two examples are given at the end of the paper which show that Rjp being integrally closed is necessary but not sufficient to guarantee (R,j) has the splitting property.
A =Z/4Z by demanding that A be both faithful and connected over R. Thus the purpose of this paper is to study those pairs (R,j) which have the following property : Given any Ä-algebra A which is faithful, connected and finitely generated as an A-module, and has A/N separable over R, then there exists an (R/p)-algebra homomorphism /: A/N -^ A such that fl/" is the identity on A/N. We shall show that in the local case these pairs are exactly strong inertial coefficient rings, but in the nonlocal case we get a much broader class of rings.
Preliminaries. Throughout this paper, all rings will be assumed to be associative and with identities. All ring homomorphisms take the identity to the identity, and all subrings of a given ring contain the identity of that ring. R will always denote a commutative ring with Jacobson radical/». By an Ä-algebra A, we mean a not necessarily commutative ring A together with a ring homomorphism 6 of R into the center of A. If 6 is a monomorphism, we say A is faithful over R. If A is faithful over R, we shall often just identify R with its image in A. We shall say A is finitely generated, projective, etc. over R if A is finitely generated, projective, etc. as an ^-module. We shall call A connected if the only idempotents of A are 0 and 1. N will always denote the Jacobson radical of A.
Let II and II0 denote the projections of A and R onto A/N and R/p respectively. We shall call R split if there exists a ring homomorphism j: R/p -> R such that noyis the identity of R/p. We shall indicate that R is split by writing the pair (R,j). We shall use the following lemma continually. Lemma 1. Let A be a finitely generated R-algebra and let f) (mA) denote the intersection of the mA as m runs over all maximal ideals of R. Then (a) pA^N. Proof. See [6, Lemma 1.1] .
In particular, if A is finitely generated over R and R is split by j, then A/N is naturally an (7?//>)-algebra, and (via j) A is also an (R/»-algebra. We shall say that the pair (R,j) has the splitting property if, given any finitely generated, faithful, and connected A-algebra A with A/N separable over R, there exists an iR/p)-algebra homomorphism j': A/N-> A such that 11/ is the identity on A/N.
Finally, we assume that the reader is familiar with the results of [1] and [6] .
1. Semilocal rings with the splitting property. Throughout this section, we shall assume that R is semilocal, i.e. R has only finitely many maximal ideals. If R has more than one maximal ideal, R/p is a finite direct sum of fields. Since _/(/?//?)<=/?, R contains proper idempotents, i.e. idempotents other than 0 or 1. Hence iR,j) satisfies the splitting property vacuously, for there are no connected, faithful /î-algebras A. Thus any pair iR,j) with R a semilocal ring containing more than one maximal ideal has the splitting property.
Let us now look at the more interesting case when R is local, i.e. R has a unique maximal ideal. In this case, p is just the unique maximal ideal of R, and R/p is a field. We make no assumptions concerning chain conditions on R.
Suppose A is a finitely generated Ä-algebra via a ring homomorphism 6: R^-A. If a0 is an element of A, we denote by 0(/?)[ao] the subring of A generated by R and a0. Thus 6iR)[a0] is the subring of A consisting of all polynomials in a0 with coefficients in #(/?). Lemma 2. Suppose A is a finitely generated algebra over a local ring R isay via Ö: R -> A). Ifa0 is an element of A such that 6iR)[a0] is connected, then a0 is a root of a monk polynomial gix) in R [x] such that R[x]/ig) is connected.
Proof. By a0 a root of gix) in R[x] ix an indeterminate), we of course mean eig)ia0)=0, i.e. if gix) = 11=0^, r, in R, then lf=0 6(rtH=0 in A. Since A is finitely generated over R, it follows from [2, Theorem 8] f2) is not connected, we continue the above process. After a finite number of steps, we get the desired result. □ Theorem 1. Let Rbe a local ring split by j. Assume the pair (R, j) has the splitting property. If A is any finitely generated, commutative and connected R-algebra such that A/N is separable over R, then A is a local ring.
Proof. The proof is by contradiction. Since A is finitely generated over R, A is semilocal. Assume {mx,..., mn} are the maximal ideals of A with «> 1. If we set Fi=A/mt, i = 1,...,«, F¡ is a separable field extension of R/p. Choose a in (~)f=2 mu but not in mx. Let e denote the identity of A. If A is an .R-algebra via a ring homomorphism 6: R-> A, write re for 6(r) 
Here £ is induced in the natural way from £. Since S is finitely generated over R, S/rad (5) Theorem 2. Let iR,j) be a pair with R a local ring. Then iR,j) has the splitting property if and only if R is a Hensel ring.
Proof. Suppose R is a Hensel ring. Then by [3, Theorem, 1] (R,j) is a strong inertial coefficient ring. Hence iR,j) clearly has the splitting property.
Suppose (R,j) has the splitting property. By [4, Theorem] , in order to show R is Hensel it suffices to show that every finitely generated, commutative and faithful A-algebra S with S/rad (5) separable over R is a finite direct sum of local rings. So let S be such an /î-algebra. Then we can write S=Sx ©■ ■ ■© St as the orthogonal direct sum of algebras S, which satisfy the hypotheses of Theorem 1. That is, each St is commutative, connected and finitely generated over R and has SJrad iS¡) separable over R. Thus the result follows from Theorem 1. □ Corollary.
If R is a local ring then (/?, j) has the splitting property if and only ifiR,j) is a strong inertial coefficient ring.
2. Rings with infinitely many maximal ideals and the splitting property. In this section, we assume R has infinitely many maximal ideals and is split by a ring homomorphism y. If R is Noetherian, the pair (/?,./) cannot be a strong inertial coefficient ring. This follows immediately from the following proposition: Proposition 1. Suppose the pair iR,j) is a strong inertial coefficient ring. Then if R is Noetherian, R has only finitely many maximal ideals.
Proof. We first assume p, the radical of R, is 0. Let / be any ideal of R and consider the algebra R/I2 over R. Let rad iR/I2) denote the Jacobson radical of R/I2.
is an exact sequence of /î-algebras. R/P is clearly finitely generated over R.
(/?//2)/rad iR/I2), being a homomorphic image of R, is separable over R. By hypothesis, (/?, 1) is a strong inertial coefficient ring. Hence (1) splits as /^-algebras, [December i.e. there exists an .R-algebra homomorphism j' of (R//2)/rad (R/I2) into R/I2 such that n0/" = 1. Now/ takes the identity to the identity. Therefore
So rad OR//2) = 0. Since 1/12 c rad (R/I2), we have I=I2. Since R is Noetherian, Us generated by an idempotent [11, Proposition 1.1] . Thus, /is a direct summand of the ring R. Since /was arbitrary, this implies that R is a semisimple ring with the descending chain condition. Hence R is a finite direct sum of fields. Thus if p = Q the proposition is proven. In the general case, if (R,j) is a strong inertial coefficient ring, then (R/p, 1) is a strong inertial coefficient ring. Thus R/p is a finite direct sum of fields. This implies R is semilocal. □ Thus any Noetherian ring with infinitely many maximal ideals cannot form a strong inertial coefficient ring. However, many of these rings do have the splitting property. We need the following definition :
Definition. We call R a Hubert ring if every prime ideal of R is the intersection of all maximal ideals containing it.
Clearly any dedekind domain with infinitely many maximal ideals or polynomial rings k[xx,..., xn] in « indeterminates xt over a field k are examples of Hubert rings.
Suppose that R is an integral domain which is also a Hubert ring. Then 0 is a prime ideal and thus the intersection of all the maximal ideals of R. Hence p=0. The next theorem gives conditions under which (R, 1) has the splitting property. Proof. Let A be any finitely generated, faithful, and connected R-algebra with A/N separable over R. We wish to prove that 0 ->■ N -> A -> A/N -> 0 splits as .R-algebras. From [7, Corollary 1], N=L(A) the lower radical of A. Thus N is the intersection of all prime ideals of A. Since A is finitely generated over a Noetherian ring R, L(A) is nilpotent. Hence N is nilpotent.
We next note that A/N is connected. Since N is nilpotent, any idempotent of A/N can be pulled back to an idempotent in A. Thus, A connected implies A/N is connected.
Since the radical of R is 0, N n R=0 [2, Corollary, Theorem 9] . Thus A/N is a finitely generated, faithful, connected and separable R-algebra. Thus C(A/N), the center of A/N, is a finitely generated, faithful, connected, separable and commutative Ä-algebra. Since R is integrally closed, it now follows from [9, Corollary 4.2] that C(A/N) is projective over R. A/N itself is projective over C(A/N). Thus A/N is projective over R.
We have now shown that A is a finitely generated .R-algebra which is a complete Hausdorff space in its A-ádic topology and has A/N separable and projective over R. It follows from [6, Theorem 3.13 ] that A contains an inertial subalgebra S. That is, there exists an /^-separable subalgebra S of A such that S+N=A. Now S is finitely generated over R since R is Noetherian. S being separable over R implies S is central separable over CiS), the center of S, and CiS) is separable over R. Thus CiS) is a commutative, finitely generated, faithful, connected, and separable /î-algebra. Using [9, Corollary 4 .2] again, we get C(S) is projective over R. Now by Lemma 1, parts (c) and (d), of this paper, the Jacobson radical, rad iCiS)), of CiS) is generated by the radical of R which is 0. Therefore rad (C(iS")) = 0. Since rad iS) n C(5)çrad iCiS)). We get the radical of S when intersected with CiS) is 0. But 5 is central separable over CiS). Thus rad iS) = [rad (S) n CiS)]S = 0.
So the radical of S is 0. Since N n Se rad (5) We can also remove the hypothesis that R be a domain.
Theorem 4. Suppose R is a Noetherian Hilbert ring such that 0 ->/>->/? -> R/p ->-0 is split by j. If R/p is an integrally closed domain, then iR,j) has the splitting property.
Proof. Any homomorphic image of a Hilbert ring is a Hilbert ring. Hence R/p is a Noetherian, integrally closed, Hilbert domain. Let A be any finitely generated, faithful and connected /î-algebra with A/N separable over R. By [7, Corollary 1], both/j and A are nilpotent. Since N n R^p, A/N is faithful over R/p. Thus following the procedures of Theorem 3, we get A/N is projective over R/p. So we may view *: 0 -> TV-»-A -> A/N -> 0 as a short exact sequence of (Z?//>)-algebras with A/N separable, projective and finitely generated over R/p. Note A is a complete Hausdorff space in its Anadie topology. We may now argue that * splits as iR/p)-algebras via induction on the index of nilpotency of N. Proof. Suppose A is a finitely generated, faithful and connected /? [[x] ]-algebra having A/N separable over -R [[x] ]. Since A is finitely generated over R [[x] ],(x)A<=N. Thus, A/N is finitely generated and faithful over R.
A/xA is finitely generated over R. Thus by [6, Proposition 3.15 ], the Jacobson radical of A/xA, which is N/Ax, is nilpotent. Hence there exists a positive integer t such that Nl<^xA. Now R [[x] ] is a complete Hausdorff space in its x-adic topology.
is a Zariski ring [12, vol. II, p. 264] . Thus, Hi (xA)' = 0. So A is a Hausdorff space in its xyi-adic topology. This implies A is a Hausdorff space in its A-adic topology. By [12, Theorem 5, p. 256] , A is a complete Hausdorff space in its x^4-topology and thus in its N-adic topology also. A being a complete Hausdorff space in its A-adic topology implies A is suitable for building idempotents. That is, any idempotent of A/N can be lifted to A. Thus A connected implies A/N is connected. Now A/N is a finitely generated, faithful, connected and separable .R-algebra. Thus using [9, Corollary 4.2] we get the center of A/N projective over R. Thus A/N is projective over R. Since A/N is projective and separable over R, each 0-y A/A"-> A/Nn-+ A/N->0 for n è 2 splits as .R-algebras. Thus for each « ^ 2 there exists an /?-separable subalgebra Sn of A/Nn such that A/Nn = Sn © A/A\ Following the proof of Theorem 3.16 in [6] , we can easily argue that each Sn is unique up to an inner automorphism of A/Nn generated by an element of N/N". So if T is any other R-separable (finitely generated) subalgebra of A/Nn such that T+N/Nn = A/Nn, then there exists an element G in N/Nn such that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let nn+1: A/Nn + 1 -> A/Nn denote the natural projection gotten by factoring out N"/Nn + 1. Then IIn+1(5'n+1) and Sn are isomorphic via an inner automorphism generated by an element of the form 1 -Gn, Gn in N/Nn. If we lift Gn to Gn + 1 in N/Nn + 1, such that nn+1(Gn+1) = Gn, then (l-Gn+1)S'B+1(l-G»+1)-1=5,¿+1 has the following properties. SUxQN/N'1*1 = A/Nn+1 and nn+1(5;i+1) -(l-Gjn.+^.+oo-GJ-1 = sn.
Hence we may choose the Sn at each stage such that nn+1(5'n + 1) = »S'n. Then clearly S=proj lim S", the inverse limit of the Sn, is an /{-separable subalgebra of proj lim A/Nn=A such that S©N=A. Hence 0 -> /V-* A -> A/N^O splits as /^-algebras. D 3. Some examples. In this section, we give two examples concerning Theorem 3. One may first ask if the hypothesis that R be integrally closed is necessary. Theorem 3 is false if R is not integrally closed. We see this in the following example which was suggested by E. Ingraham.
Example. Let Z denote the integers and S the multiplicative set consisting of all powers of a fixed prime/). S={p* \ i=0, I,...}. We assume/? is not equal to 2 or 5. Let Zs denote the ring Z localized at the multiplicative set S. Thus Zs = {a/b \ a, b in Z and b in S}. Let R=Zsi\/5) = {x+y\/5 \ x, y in Zs}. Then R is a Noetherian, Hilbert domain with infinitely many maximal ideals. R is not integrally closed.
( 1 -"v/5)/2 is in the quotient field of R and satisfies x2 + x -1, but ( 1 -V5)/2 is not in R. We shall show that (/?, 1) does not have the splitting property. Let A = R[x]/ix2 + x -1). The discriminant of x2 + x-1 is 5. Whence it follows from [9, Theorem 2.2] that A is not a separable Ä-algebra, but A/mA is separable over R/m for all maximal ideals m of R except for that maximal ideal M of R lying over the ideal (5) = -2yx + y3 -5y4 = 0, yf in Zs}.
Thus At] n Ay = 0 and Ar¡ n R = 0. So R n Ay2=0 and A/A-n2 is a finitely generated, faithful .R-algebra.
One can show by a straightforward computation that At] is a prime ideal of A. It is well known that any finitely generated, commutative algebra over a Hubert ring is a Hubert ring. Thus A is a Hubert ring. So A/At] is a Hubert domain and consequently is semisimple. This implies that Ar¡¡Atf is the Jacobson radical of A/At)2. Thus
We next note that A/A-n2 is connected. For if e is any idempotent in A/Atf, the image of e in A/At] is either 0 or 1. Thus e=0, 1 mod At]/Atf. It now follows from [5, Lemma 1.2] that e=0 or 1. Thus A/Atf is connected.
We have now proven that A/Atf is a finitely generated, faithful and connected .R-algebra which is separable modulo its radical At]/Atf. Thus the counterexample will be complete if we show * cannot split as R-algebras.
We We next note that (R + M A)/Ay2 + Ay /Ay2 is not a direct sum, since (R + MA) n Ay={a + bx in Ay\b is in M}^Ay2. Now in a commutative, finitely generated algebra over a Noetherian ring R, inertial subalgebras are unique [6, Proposition 2.9] . Thus if * splits as R-algebras, (R + MA)/Ay2 would be a direct summand of A /Ay2. This is impossible. Hence R is an example of a Noetherian, Hubert domain for which (R, 1) does not have the splitting property.
By looking at the theorems in §2 of this paper, one could conjecture that any Noetherian, integrally closed domain which splits forms a pair with the splitting property. This is false even in the semisimple case. We next note that R[z] is connected. For, suppose there exists a t in R[z] such that t2 = t. Then t can be written uniquely as g + r for g in (z) and r in R. Thus g2 + 2rg + r2 = g + r or
